Chapter 25

Curvature

We start with a connection D, two vector fields v,w on B, and a
section s, all on some associated vector bundle of some principal
G-bundle E. Then D, , D,, are both maps I'(E) — I'(E).

We will define the curvature of this connection D as a rule F
which, given two vector fields v, w , produces a linear map F(v,w) :
I'(E) — I'(E) by

F(v,w)s = DyDys — DyDys — Dy, 4] - (25.1)
Remember that

Dys = Dyng,s =v"Dys
= ¥ (@Lsi + Auij sj) e;
= v(s')e; + U“Alfj sle;. (25.2)

D,s is again a section. So we can act with D on it and write
DyDys = D, [w(sj)ej + <w”Aij sk) ej}
=0 (w (sj)) ej +v (w”Aij sk) e;j
+ (w (sj) + w”Aij sk’> U'U‘Auij ste; . (25.3)

Since the connection components A 7, are functions, we can write

v

v <w”A jk sk) = v(w”)Aij sk—i—w”v(Aij)sk+w”Aijv(sk) . (25.4)
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Inserting this into the previous equation and writing D,,D,s simi-
larly, we find

DyDys — DyDys = [v,w](s')e; + [v, w]“AHij sle;
+ <w”v (Ayij) —vlw <A#ij)> sle;
+ vFw” (Auijijk - Al,ijAujk> sPe;. (25.5)

Also, A o
Dpy s = [v,w](s")e; + [U,w]“AMZj sle;, (25.6)

so that

F(v,w)s = viw” (auAyij — 8,,A“ij + A#ikAykj — AyikAukj> sle;.

(25.7)
Thus we can define F),, by
F(0u,0,)8 = Fuys = (Fus) e = (Fu)'; e, (25.8)
so that
(Fpuw) ;= OuA)j —OA, ; +A A —ASA (25.9)

Note that since coordinate basis vector fields commute, [9,,,0,] =0,
Fus=F(0u,0,)s = D,Dys — D,Dys =[D,,D,]s. (25.10)

e It isnot very difficult to work out that the curvature acts linearly
on the module of sections,

F(u,v)(s1 + fs2) = F(u,v)s1 + fF(u,v)sa, (25.11)
where f € C*°(B). Also,
F(u,v+ fw)s = F(u,v)s + fF(u,w)s. (25.12)
e  For coordinate basis vector fields [0, ,0,] =0, so
Fus =F(0y,,0,)s = D,Dys — D,D,s =[D,,D,]s. (25.13)
Since F'(d,0,)s is a section, so is

Dy (F,s) = Dy[Dy, D,)s. (25.14)
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Similarly, since D)ys is a section, so is
FuwDys =[D,,D,|Dys. (25.15)

Thus
Dy (Fuus) — FuDys = [Dy, Dy, Dy]]s. (25.16)

Considering C*° sections, and noting that maps are associative under
map composition, we find that

[Dx,[Dy,Dy]]s 4 cyclic = 0. (25.17)
On the other hand,
Fus=(Fus)e = (FW jsj) €i, (25.18)

where F°; and st are in C*°(B). So we can write

D) (F#VS) O ( HVJ ) + (Flwijsj) Dye;
(8,\FW j> sle;+ F

|22
(a)\FMV]—’—F A/\ k)S el‘l—F (8}\5'7)

L (0hs) € + F, ]s]AA A€k

v j

A/\ ;S el—i—FW]A ks e;

(Dxs) e, (25.19)

/ux k
= (DzFyw)'; s'ei + F,"

where we have defined (DyF),,) by (D,\Fu,,)ij in this. Then this is a
Leibniz rule,

Dy (FWS) = (DAFW) s+ F (Dys) . (25.20)
Then we can write

Dy (F,u8) — Fu (Dys) + cyclic =0
= (D)F,) s+ cyclic =0 Vs
= D\F,, +cyclic=0. (25.21)

This is known as the Bianchi identity . O
Given D and g such that g(x) € G, we have D’ given by

D¢ = gD, (g'¢) . (25.22)



102 Chapter 25. Curvature
Then
D, Dy¢ =D, (9Dy (97'¢)) = gDuDy (979) (25.23)
and thus
F' (u,0) ¢ = (D;D; - D,D,, - D), ,v}) ¢
= gDuDy (97'¢) = DyDu (97'¢) — gDjy ) (97'0)

= gF(u,v)g™'¢
= F,,=gokFyo gt (25.24)

As before, g is in some representation of G, and D (and thus F') acts
on the same representation. This is the meaning of the statement
that the curvature is gauge covariant. O



