Chapter 17

Hodge duality

We will next define the Hodge star operator. We will defineit in a
chart rather than abstractly.

e The Hodge star operator, denoted x in an n-dimensional
manifold is a map from p-forms to (n — p)-forms given by

g
(*w)ﬂl“'ﬂnfp p"| €ur-pn gun_p_HVl T gﬂnyp Wyr-vp s (171)

where w is a p-form. O
The * operator acts on forms, not on components.
Example: Consider R?® with metric ++4, i.e. G =
diag(1,1,1). Then |g|] = g = 1,¢*"diag(1,1,1). Write the coordi-
nate basis 1-forms as dz, dy, dz . Their components are clearly

the §’s on the right hand sides are Kroenecker deltas. So

(xdx)ij = €ijrg" (da) = eijrg™ o] = eijrg"!
1 , , 1 . .
= *xdr = 5(*dm)ijd:ﬁ Ndx) = Eeijkgkldx’ A dx?

g" =1 for k = 1,0 otherwise

1
= *dxr = E(dﬁ/\dx?’—d:c?’/\da:z) =dz® Nda® = dy N dz.
(17.3)
Similarly, xdy = dz A dx *dz =dx ANdy. O
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Example: Consider p = 0 (scalar), i.e. a 0-form w in n dimen-
sions.

(%) oot = VNl€u o pim @
= (*1)u1--~un =V ‘g‘emmun
= (x1) = —“g‘em...undx“l A Adxtn

n!

=dv (17.4)

Example: p =n. Then

\/@ pivy |

(*Ld) = Telll"'ﬂn‘g . .gll«nVnwylmyn . (175)

For the volume form,

av = VI o

n!
(dV)Vl'“l/n =V ‘g‘eljl“‘lfn
g v nUn
(%dV) = uem...ung’“ Looghnme, i,
_ |g| -1 ’g’ ! o _ S
= ni(detg) g = stonlg) = (=1)°,(17.6)
where s is the number of (—1) in g, . O
So we find that
*(*x1) =xdV = (—1)%, (17.7)
and
*(%dV) = (=1)%(x1) = (=1)*dV, (17.8)

i.e., (x)2 = (—1)* on O-forms and n-forms.
In general, on a p-form in an n-dimensional manifold with signa-
ture (s,n — s), it can be shown in the same way that

()2 = (—1)P(n=P)ts (17.9)
In particular, in four dimensional Minkowski space, s = 1,n =4, so

(%)? = (—1)PU=PI+L (17.10)
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It is useful to work out the Hodge dual of basis p-forms. Suppose
we have a basis p-form dz’* A --- A dz!» , where the indices are ar-
ranged in increasing order I, > --- > Iy . Then its components are
palt .82 . So

* (d:cll A A d$IT')

ViUn—p
_ Vgl ¢ graKL L gty p1gTy L gTe
p‘ Vi-Un—pH1-MUp : Mll ;,L;)
=V |g| 61/1“‘1/77,7])}1/1"'/1/;79#1[1 o .g,uplp . (17'11)
We will use this to calculate xw A w.
For a p-form w, we have
— L drHt dxtr
w = me...up N Nax
= th...jpdmh A Adalp (17.12)
I

where the sum over I means a sum over all possible index sets I =
I, < --- < I, but there is no sum over the indices {Iy,---,I,}
themselves, in a given index set the I are fixed. Using the dual of
basis p—forms, and Eq. (13.13), we get

*W = th...jp * (dzTt A - A date)

I
g Z (n_\/%fyl..-ynpul...upgﬂlll “ e g,u‘plp wfl-ufpdxyl /\ - /\ d.’L'Vn_p )
T .

(17.13)

The sum over [ is a sum over different index sets as before, and
the Greek indices are summed over as usual. Thus we calculate

Vgl
*wW A w = m Z 61/1--~1/7L,pu1...upgu1[1 s g“plpwh...lp X
T IJ

dx"* Ao Adx"P A (WJIA..de.fJI Ao A d:cJP)

vV g I I
N m Z €V1"'Vn—pﬂl“'ﬂpg“1 b gup pwll'”lpwjl'”JP X
T ILJ

dz”' A - Ndx"mr Ndx A NdaTr o (17.14)
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We see that the set {vq,-- ,v,—,} cannot have any overlap with the
set J = {Ji,---,Jp}, because of the wedge product. On the other
hand, {v1,---,vp—p} cannot have any overlap with {p1,---, pp} be-
cause € is totally antisymmetric in its indices. So the set {1, -+, pp}
must have the same elements as the set J = {Ji,---,J,}, but they
may not be in the same order.

Now consider the case where the basis is orthogonal, i.e. gH" is
diagonal. Then gt+!x = glk!k etc. and we can write

Vg
*w A w = (n—|p|)' Z eyl...yn,pjl...fpghh X 'glp[pWIl...IPWJl..-Jp X
T IJ
dz" A --- Adz"= NdxT A - Ada?r . (17.15)

We see that in each term of the sum, the indices {I; - - - I} must be
the same as {J - - - Jp} because both sets are totally antisymmetrized
with the indices {vy - vp—p}.

Since both sets are ordered, it follows that we can replace J by
I,

Vg
*wW A\ w = (n_|p’)‘ Z 61/1~'~1/n7pl1'~~lpg[1[1 e glp]pwhwlpwhmlp X

dz”' A - AdzV e Adx™ A - A da'r

YAy
N (’I’L—|])|)'ZEV1"'Vnp11"'IPwII Ipwh--'fp X
T

dz"t A - AdxPr AdaT A - Adatr . (17.16)
In each term of this sum, the indices {v---1v,—p,} are completely
determined, so we can replace them by the corresponding ordered

set K = Ky < --- < K,_,, which is completely determined by the
set I, so that

*wAw = +/|g| Z €Ky Kyl LW Pw ) X
I
dz®v A A daBrr AdaTA - A da17.17)
The indices on this € are a permutation of {1,--- ,n}, so eis £1.

But this sign is the same as that for the permutation to bring the
basis to the order do! A --- A dz™, so the overall sign to get both to
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the standard order is positive. Thus we get

*w Aw = +/|g] th"'lpwh...jpel...n de' A - A da™

I
1
= Vgl S Wy, dz' A A dz™
p!
1
= Hw“l"'“pwm...up (vol) (17.18)

If we are in a basis where the metric is not diagonal, it is still
symmetric. So we can diagonalize it locally by going to an appro-
priate basis, or set of coordinates, at each point. In this basis, the

components of w may be w;“.,,up, SO we can write

1 AT
*wAw = (plw“l “Pwufl_,_%) (vol) (17.19)
But both factors are invariant under a change of basis. So we can
now change back to our earlier basis, and find Eq. (17.18) even when
the metric is not diagonal. Note that the metric may not be diago-
nalizable globally or even in an extended region.



