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o Dirac matrices defined on "internal” flat space, [4,7°] =7
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® 7, = €]y, satisfies [y, , 7], =29, (will use both v% and v* as convenient)
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Fermions on curved spacetime

o Dirac matrices defined on "internal” flat space, [4,7°] =7

o Tetrad fields eZ relate spacetime with internal flat space
° naweled =gu;  g'velel =n®,
° el = napgt” eP is inverse tetrad, eled =
® 7, = €]y, satisfies [y, , 7], =29, (will use both v% and v* as convenient)
@ Dirac operator i@ on flat space becomes [0+ on curved spacetime
e Requires spin connection A,: Dy = 0,1 — S AP0 o)

i ,
Oab = 5 ”r’a-,”rb],
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Fermions on curved spacetime

o Dirac matrices defined on "internal” flat space, [4,7°] =7

o Tetrad fields eZ relate spacetime with internal flat space
° ’/abeu eu =0guv; gr” i fj/ = "ab’

o el = gtV el isinverse tetrad, el e? = 5%
® 7, = €]y, satisfies [y, , 7], =29, (will use both v% and v* as convenient)

@ Dirac operator i@ on flat space becomes [0+ on curved spacetime

Requires spin connection Ay,:  Dy,1) = 0,1 — ;A0 50

Oab = % [va, )

Vuyw =0 = V#eﬁ =0
= e;ouel + Al ',ebe) — T, =0 ‘“tetrad postulate”

pv
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@ Can write gravity as a gauge theory with spin connection as the gauge field
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o Field strength F,2° = 0, A2 — 0,A2° + AZAL — AFCA P

@ Ricci scalar: R(I') = F,2°el el
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@ Action for gravity coupled to fermions:
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Einstein-Cartan-Kibble-Sciama formulation

@ Can write gravity as a gauge theory with spin connection as the gauge field

; b _ b b b b
Field strength F,77 = 9, A" — 0, A + AZCA — AZCAS

Ricci scalar: R(I') = F,2Pel el

nv

Action for gravity coupled to fermions:
S= /\e\d“x { Fﬁf’,e“eb + = (l/mb — (D)t ) + imu‘_;w}

e metric signature (— + ++) [0 is anti-Hermitian |

All fermions should be included (more about this later)
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Einstein-Cartan-Kibble-Sciama formulation

@ Can write gravity as a gauge theory with spin connection as the gauge field

; b _ b b b b
Field strength F,77 = 9, A" — 0, A + AZCA — AZCAS

Ricci scalar: R(I') = F,2Pel el

nv

Action for gravity coupled to fermions:
S= /\e\d“x { Fﬁf’,e“eb + = (l/mb — (D)t ) + imu‘_;w}

e metric signature (— + ++) [0 is anti-Hermitian |

All fermions should be included (more about this later)

Work with one species for the moment
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Einstein-Cartan-Sciama-Kibble

Equations

" 1
@ Gauge theory action S = /\e\ d*x {z—ﬁFjﬁeQ ey + Ly
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Equations

" 1
@ Gauge theory action S = /\e\ d*x {z—ﬁFjgeQ ey + ZQ}

o Ly =4 (D10 — 0udy b — JAD Bloa, Yol ¥ 4°) + imibys
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Einstein-Cartan-Sciama-Kibble

Equations

" 1
@ Gauge theory action S = /\e\ d*x {z—ﬁFjﬁeQ ey + XQ}

o Ly =4 (D10 — 0udy b — JAD Bloa, Yol ¥ 4°) + imibys

@ A, and e, are independent fields in this framework
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Einstein-Cartan-Sciama-Kibble

Equations

uv

@ Gauge theory action S = /\e\ d*x [ Fabeé;e + &y }

o Ly =4 (D10 — 0udy b — JAD Bloa, Yol ¥ 4°) + imibys
@ A, and e, are independent fields in this framework

o AT AT =ulel+ e Ve o]
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Einstein-Cartan-Sciama-Kibble

Equations

@ Gauge theory action S = /\e\ d*x [ Fabeler + 2, }

uv

o Ly =4 (D10 — 0udy b — JAD Bloa, Yol ¥ 4°) + imibys
@ A, and e, are independent fields in this framework
o A A = wble] + £65 P[ye, 0] v

° W‘;’j"[e] corresponds to the torsion-free Levi-Civita connection

o Christoffel symbols 7, = 79, €l + eJ e,pw?®

v
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Einstein-Cartan-Sciama-Kibble

Equations

uv

@ Gauge theory action S = /\e\ d*x [ Fabeé;e + &y }

o Zy=1 (rwtaw Byt — £ A Do ap, o], e“”) +imdep
@ A, and e, are independent fields in this framework
o A A = wble] + £65 P[ye, 0] v

° W‘;’j"[e] corresponds to the torsion-free Levi-Civita connection

o Christoffel symbols 7, = 79, €l + eJ e,pw?®

@ The fermion bilinear is torsion
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Einstein-Cartan-Sciama-Kibble

Equations

@ Gauge theory action S = /\e\ d*x [ Fjﬁege + &y }

o ¥y = é ('L‘;A/“aut/ B thyHap — iAa Dloap, vel . Y e“c) + imdp
@ A, and e, are independent fields in this framework
o A A = wble] + £65 P[ye, 0] v

° W‘j"[e] corresponds to the torsion-free Levi-Civita connection

o Christoffel symbols 7, = 79, €l + eJ e,pw?®

@ The fermion bilinear is torsion

o Dynamically generated, completely antisymmetric (geodesic eq. unaffected)
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Einstein-Cartan-Sciama-Kibble

Equations

@ Varying €], gives Einstein Eq. : R, — %ngf S IRD)
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Equations

@ Varying €], gives Einstein Eq. : R, — %ngf S IRD)
o Insert Aff’ into this = T,, has terms quartic in the fermion

o Interms of the torsion-free Levi-Civita connection,
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Einstein-Cartan-Sciama-Kibble

Equations

@ Varying €], gives Einstein Eq. : R, — %ngf S IRD)

o Insert Aff’ into this = T,, has terms quartic in the fermion
o In terms of the torsion-free Levi-Civita connection,

SlonTEs B 2 _
Ruv — 39uBR = 5T (¥, %) — 3 g, Pvayst

o Last term comes from using [vo, oab], = 2€ancav’y°
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Einstein-Cartan-Sciama-Kibble

Equations

@ Varying €], gives Einstein Eq. : R, — %ngf S IRD)
o Insert Aff’ into this = T,, has terms quartic in the fermion

o In terms of the torsion-free Levi-Civita connection,
~ -~ = - .2 - T /
Ruw — %g/w'q = kT (P, ) — 31’6 guvU’T’a')’S'U”W’Ya'YS'W

o Last term comes from using [vo, oab], = 2€ancav’y°
@ DiracEq.: @y — iwﬁby#o‘abw + my + % (1/_)')/3'\,’5@“)) ~ay?p =0

@ Dirac Eq. in curved spacetime is naturally nonlinear (old stuff)
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Usually overlooked

Many fermions

@ All fermions must appear in the action
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Usually overlooked

Many fermions

All fermions must appear in the action

Ly —ES (?wa,lf — Bttt — LA Floap, vl f €1 + 2m?f)
f

@ The sum is over all species of fermions in the universe

o Then A% =wiPlel + §ef ST he,0%. f

Dirac Eg. is modified in the same way, for every type of fermion

P — jwytoapty + my + (X Fy3y° yar®y =0
f

Term in brackets can be approximated by background average (for f # 1))
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Usually overlooked

Many fermions

All fermions must appear in the action

Ly —ES (?wa,lf — Bttt — LA Floap, vl f €1 + 2m?f)
f

@ The sum is over all species of fermions in the universe

o Then A% =wiPlel + §ef ST he,0%. f

Dirac Eg. is modified in the same way, for every type of fermion

P — jwytoapty + my + (X Fy3y° yar®y =0
f

Term in brackets can be approximated by background average (for f # 1))

But (3" 74245 ) is spin density ~ 0 for generic matter distribution
f
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Usually overlooked

Many fermions

All fermions must appear in the action

o Zy—iv (?ywﬂf — Bttt — LA Floap, vl f €1 + 2m?f)
f

@ The sum is over all species of fermions in the universe

o Then A% =wiPlel + §ef ST he,0%. f

Dirac Eg. is modified in the same way, for every type of fermion

o Jyp—1 v 7//’Jab¢+md1+ Sin (Z 2y F)yay®y =0

Term in brackets can be approximated by background average (for f # 1))

But (3" 74245 ) is spin density ~ 0 for generic matter distribution
f

@ However, something else should be taken into account
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Chiral Torsion

o First go back and write  AZ° = wa(e) 4 AZ° (contorsion)
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Chiral Torsion

o First go back and write  AZ° = wa(e) 4 AZ° (contorsion)
@ Then the field strengthis  F35(A) = F25(w) + (D2 A,)) 2 + negAFEAD

v pv lu ]

o A appears in action as -1y €5 €} AaCAdb +1 Z el N3¢ [°, oap], v

@ Purely algebraic eq. for A (non-propagating auxiliary field)
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Chiral Torsion

First go back and write  AZ° = w3(e) + A2 (contorsion)

@ Then the field strengthis  F35(A) = F25(w) + (D2 A,)) 2 + negAFEAD

v pv lu ]

o A appears in action as -1y €5 €} AﬁfAdb +1 Z el N3¢ [°, oap], v

Purely algebraic eq. for A (non-propagating auxiliary field)

Solution is N2> = %€ 4 [y, 73], ¢, which can be put back in the action

8/1
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Chiral Torsion

First go back and write  AZ° = w3(e) + A2 (contorsion)

® Then the field strengthis 0 (A) = FD(w) + (D Au)® + negAESAL

o A appears in action as -1y €5 €} AﬁfAdb +1 z el N3¢ [°, oap], v

Purely algebraic eq. for A (non-propagating auxiliary field)

Solution is A2> = 26 9 [ve, o], 4, which can be put back in the action

Equivalent to starting with torsion free connection and a four-fermion interaction term
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Chiral Torsion

First go back and write  AZ° = w3(e) + A2 (contorsion)

® Then the field strengthis 0 (A) = FD(w) + (D Au)® + negAESAL

o A appears in action as -1y €5 €} AﬁfAdb +1 z el N3¢ [°, oap], v

Purely algebraic eq. for A (non-propagating auxiliary field)

Solution is A2> = 26 9 [ve, o], 4, which can be put back in the action

Equivalent to starting with torsion free connection and a four-fermion interaction term

All the equations are exactly the same as before; so what did we gain?
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Chiral Torsion

@ (Con)torsion couples to fermions as a vector field independently of gravity
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@ (Con)torsion couples to fermions as a vector field independently of gravity

Terms containing A are invariant on their own
@ No reason to assume A couples identically to all fermions

@ Or to left- and right-handed fermions

Generic fermion-contorsion coupling:
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@ No reason to assume A couples identically to all fermions

@ Or to left- and right-handed fermions

Generic fermion-contorsion coupling:

: ;/\Zbeg (AfL’_(L V¢, 0ab], fr + Amfr 1€, oab] fFr)

e Torsion is totally antisymmetric ~ eapea > (AnfLv9v°f + Arfrv97°fr)
f
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Chiral Torsion

@ (Con)torsion couples to fermions as a vector field independently of gravity
@ Terms containing A are invariant on their own
@ No reason to assume A couples identically to all fermions

@ Or to left- and right-handed fermions

Generic fermion-contorsion coupling:

: ;/\ibeg (AIL’_(L V¢, 0ab], fr + Amfr 1€, oab] fFr)
e Torsion is totally antisymmetric ~ eapea > (AnfLv9v°f + Arfrv97°fr)
f

@ So geodesic equation is unaffected — all particles fall at the same rate
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Applications

@ Effective four-fermion interaction

2
-1 (Z (A fyvar®f + /\fR?H'Ya'stR)>
7
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2
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f

@ This term must always be present, and include all fermions
@ Unless A\, \jg are set to zero by hand
@ Affects dispersion relations: e.g. neutrinos in matter

@ Assume only left-handed neutrinos, then forward scattering amplitude in normal matter

M = — (Davava) v, < > (A — AfAl_fmaw/SW)>

e.p,n
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Applications

@ Effective four-fermion interaction
2
-1 (Z (Afvay®f + /\fﬁ?mavsfﬁ)>
f

@ This term must always be present, and include all fermions
@ Unless A\, \jg are set to zero by hand
@ Affects dispersion relations: e.g. neutrinos in matter

@ Assume only left-handed neutrinos, then forward scattering amplitude in normal matter
M = —(Davava) Av, < > (A — AfA@:f'Ya’}/s"’)f)>
e,p,n

@ Second term vanishes in typical matter distributions (axial charge and spin density)

A. Lahiri (SNBose) Chiral Torsion SNBNCBS 9/11



Applications

@ Effective four-fermion interaction
2
-1 (Z (Afvay®f + /\fﬁ?mavsfﬁ)>
f

@ This term must always be present, and include all fermions
@ Unless A\, \jg are set to zero by hand
@ Affects dispersion relations: e.g. neutrinos in matter

@ Assume only left-handed neutrinos, then forward scattering amplitude in normal matter
M = — (Davava) v, < > (w3 — AfAZ_JWaWSL/'f)>
e,p,n
@ Second term vanishes in typical matter distributions (axial charge and spin density)

@ First term averages to density, .74 = ( Z )\fnf> Ave vive
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Applications

@ Effective four-fermion interaction
2
-1 (Z (Afvay®f + /\fﬁ?mavsfﬁ)>
f

@ This term must always be present, and include all fermions
@ Unless A\, \jg are set to zero by hand
@ Affects dispersion relations: e.g. neutrinos in matter

@ Assume only left-handed neutrinos, then forward scattering amplitude in normal matter
M = — (PaVava) Av, <e%n (A by — AfAZ_JWaWSL/'f)>

@ Second term vanishes in typical matter distributions (axial charge and spin density)

@ First term averages to density, .74 = ( Z )\fnf> Ave z/az/(\

Contributes to neutrino oscillations
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Chiral Torsion

Applications and speculations

@ Treat as four-fermion interaction in flat space
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Applications and speculations

Treat as four-fermion interaction in flat space

Contribution to inertia and dispersion relations in matter

Neutrino oscillations, stellar models, early universe

Mass of dense stars may be different from calculated (models of dark matter?)
Parity violation

Renormalization issues linked to QG

Main issue: How small is this interaction?

How large does it need to be? (Ans. Not very.)

¢ couplings do not come from a quantum theory, unlike Gg

Can be set only by comparison with experimental data
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Collaborators

Work done with S. Chakrabarty: 1907.02341, 1904.06036
Also |. Ghose, R. Barik, A. Chakraborty (In preparation)

Thank You
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